Objectives

® Defineg, identify, and
graph quadratic
functions.

@ Multiply linear
binomials to produce a
quadratic expression.

APPLICATION

PHYSICS

Introduction to
Quadratic Functions

€

Whv Many real-world
situations, such as the total
stopping distance for a car, can
be modeled by quadratic
functions.

Recall from Lesson 2.4 that the total stopping distance of a car on certain types
of road surfaces is modeled by the function

rovee Mg
dix) = TR T

where x is the speed of the car in miles per hour at the moment the hazard
is observed and d(x) is the distance in feet required to bring the car to a
complete stop.
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274 CHAPTERS

A table of values for the function d shows that a
motorist driving at 20 miles per hour requires
about 43 feet to come to a complete stop.
However, a motorist traveling at 60 miles per
hour requires over 255 feet to stop. Although
the speed tripled, the total stopping distance
increased by about 6 times. Clearly, the function
for stopping distance is not a linear function,




Activits;
Investigating Quadratic Functions

BL®  TECHNOLOGY You will need: a graphics calculator

1. Graph functions fand ¢ from the first row of the table below on the
same screen, Describe fand gand their graphs.

2. Graph f+ g with fand g from the first row of the table on the same
screen. Describe f+ g and its graph. Then clear all three functions.

! g f-g
fo=2x-2 | gi¥)=2x+1 | (f+ @) =(2x-2(2x+1)
fixy=x+1 gx)=x+1 (fe@)(x)=(x+1}(x+1)
fix) =2x gx)=<2x+1 | (f*@)(x) =2x{-2x+1)
fx)===x+2 | gx)=05x+1| (f*@(x) = (—x+2)(05x+1)

3. Repeat Steps 1 and 2 for the functions in the other rows of the table.
CHECKPOINT ¢/ 4. In what ways do the graphs of fand g differ from the graph of f+ g?

CHECKPOINT o/ 5. How are the x-intercepts of the graphs of fand g related to the
x-intercepts of the graph of f+ ¢2 Explain.

As the Activity suggests, when you multiply two linear functions with nonzero
slopes, the result is a quadratic function.

In general, a quadratic function is any function that can be written in the
form flx) = ax® + bx + ¢, where a # 0. [t is defined by a quadratic expression,
which is an expression ofthe form ax’ + bx+ L, where a # 0. The stopping-
distance function d(x) = —x + Lx- or d(x) = +Uy isan example of

1
a quadratic function.

CHECKPOINT o Identify a, b, and ¢ for the stopping-distance function, d, on page 274.

EXAMPLE Let flx) = (2x = 1)(3x +5). Show that frepresents a quadratic function.
Identify @, b, and ¢ when the function is written in the form

fix)=ax*+bx+c
@ SOLUTION
Method 1 Method 2
flx)=(2x=1)(3x+5) fix)=(2x=1)(3x+5)
=(2x-1)3x+(2x-1)5 =2x(3x+5) + (-1)(3x+5)
=6 —3x+10x-5 =6+ 10x—3x-5
=6xX+7x-5 =6X+7x-5

Since f{x) = 6" + 7x - 5 has the form fix) = ax® + bx + ¢, fis a quadratic
function with a =6, b=7,and ¢=-5.

TRYTHIS  Let g(x) = (2x ~ 5)(x — 2). Show that g represents a quadratic function.
Identify a, b, and ¢ when the function is written in the form
gx)=axd + bx+c
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EXAMPLE ?

CONNECTION

T ioa

Keystroke Guide, page 348

TRY THIS

CRITICAL THINKING
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The graph of a quadratic function is called a parabola. Two types of parabolas
are graphed below. Notice that each parabola has an axis of symmetry, a line
that divides the parabola into two parts that are mirror images of each other.
The vertex of a parabola is either the lowest point on the graph or the highest

point on the graph.

A A £
i Natice thet vertex i f
: axis of the axis of (maximum) [~_!
e symmetry symmetry '
- i
: y passes through :
+ X b ,
i ) the vertex of o x
the parabola :
R
vertex .~ : 1
(minimum) axis of o
: symmetry :
¥ ¥

The domain of any quadratic function is the set of all real numbers. The range
is either the set of all real numbers greater than or equal to the minimum
value of the function (when the graph opens up) or the set of all real numbers
less than or equal to the maximum value of the function (when the graph

opens down).

@ soLuTioN

Method 1 Use a graph.
From the graph, you can see that the
function has a minimum value.

Tracing the graph, the coordinates of
the vertex appear to be (0.5, 0.75).

Identify whether flx) = x* = x + 1 has a maximum value or a minimum value
at the vertex. Then give the approximate coordinates of the vertex.

Method 2 Use a table.

From a table of values you can see
that an x-value between 0 and 1 gives
the minimum value of the function.

The coordinates of the vertex appear
to be (0.5, 0.75).

[dentify whether flx) = -2x" — 4x+ | has a maximum value or a minimum
value at the vertex. Then give the approximate coordinates of the vertex.

Refer to solution Methods | and 2 in Example 2. If you know that f{0) = f(1)
for f(x) = x* = x+ 1, describe how you can find the equation for the axis of

svmmetry.



By examining a in flx) = ax’ + bx + ¢, you can identify whether the function
has a maximum or a minimum value.

Minimum and Maximum Values

Let fix) = ax® + bx + ¢, where a # 0. The graph of fis a parabola.

If a > 0, the parabola opens up and the vertex is the lowest point. The
y-coordinate of the vertex is the minimum value of .

1f a < 0, the parabola opens down and the vertex is the highest point.
The y-coordinate of the vertex is the maximum value of f.

EXAMPLE State whether the parabola opens up or down and whether the y-coordinate
of the vertex is the minimum value or the maximum value of the function.
Then check by graphing,.

CONNECTIDN a. filx) =X+x-6 b. g(x) =5+4x-x
AXIMUM/MINIMU
@ soLuTion
a. In fix) = &'+ x — 6, the coefficient  b. In g{x) =5 + 4x— &, the coefficient

of x* is 1. Because a > 0, the of & is 1. Because a < 0, the
parabola opens up and the parabola opens down and the
function has a minimum value function has a maximum value
at the vertex. at the vertex.

'M".‘ CHECK CHECK

wA TECHNOLOGY

Keystroke Guide, page 348

Exercises

@ communicate

1. Describe differences between the graphs of linear and quadratic functions.

2. Explain the difference between the expressions that define linear and
quadratic functions.

3. How can you determine whether a quadratic function has a minimum
value or a maximum value?
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. Guided SKills Practice nmu—————

Show that each function is a quadratic function by writing it in the form
fx) = ax? + bx + ¢ and identifying a, b, and ¢. (EXAMPLE 1)
4 fix)=(x+1)(x=7) s.glx)=(x+2)(x+5) 6.fix)=02x+5(3x+1)
MAXIMUM/MINIMUM Identify whether each function has a maximum or

minimum value. Then give the approximate coordinates of the vertex.
(EXAMPLE 2)

[71gx)=2-3x+5 [8lfix)=2-3x-x [9lgx)=x+5x+3
MAXIMUM/MINIMUM State whether the parabola opens up or down and

whether the y-coordinate of the vertex is the maximum value or the
minimum value of the function. Then check by graphing. (ExampLE 3)

10. fix) = ¥ —2x+7 1M gx) =—x+8x+ 14 12.g(x) =-2¥-5x+ 1

@ Practice and Apply n———————

B internet connect - Show that each function is a quadratic function by writing it in the form

Homework f(x) = ax? + bx + ¢ and identifying a, b, and c.

Help Online 13. fix) =(x—-3)(x+8) 14. k{x) = (x+ 3)(x - 3)

Go To: gohrw.com

Keyword: 15. g(x) = (4 = x)(7 + x) 16. g(x) = (10 - x){x+4)

MB1 Homework Help y

for Exercises 13-26 172, g(x) =—(x—-2){x+6) 18. flx) =—(x+3){(x—-9)
19. flx) =3(x-2){(x+ 1) 20. h(x) = 2(x+ 1)(3x—4)
21 h(x) = x(x-3) 22. fix) = 2x{x + 5)
23. g(x) =(2x+ 3){4 - x) 24. fix) = {(dx+ 1){4 - x)
25. hi(x) = (x—4)(x+4) 26. flx) = {x—6)(x+6)

Identify whether each function is a quadratic function. Use a graph to
check your answers.

272.fix)=3-x 28. g(s) =3~

R Y. T | N A +4x+1
zs._ﬂr)-4r+2r 3 30. h(x) = =75
31.g(f)=F=£(t+7) 32. h(x) = |x*+ 5x = 2

State whether the parabola opens up or down and whether the
y-coordinate of the vertex is the minimum value or the maximum value

of the function.

33. flx) =-2x" - 2x 34. fix) =8x - x

35. g(x) =—(3x° — x+3) 36. flx) =2+ 3x—5x

37 h(x)=1-9x—-x 38. gx) =—(x+x—-12)
39. glx) =3(x+ 8)(=x+9) 40. h(x) = —(4x+ 1)(x+4)

Graph each function and give the approximate coordinates of the vertex.

81 flx) = -x+9 (42} g(x) =9 - 2x - X
(43 g(x) =4x" —2x+2 (44 flx) =—-0.5(x+4)°
(45 flx) ={x—2)"—1 (46! filx) =—(x—2)(x+6)
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CONNECTION

APPLICATIONS

Width | Length | Area
(yd) (yd) | (yd)
| 18 18
2 16 32
3 14
4
X

47. Describe a way Lo find the exact coordinates of the vertex of a parabola
given by j‘(.\:) =(x+al{x—a).

48. TRANSFORMATIONS Graph each function.
flx)=(x+2}(x~4) 2x) =2(x+2)(x~4) h(x) =%(x+ 2)(x-4)
i(x) =—(x+2)(x-4)  j)=-2x+2(x—4) k) =—}(x+2)(x-4)

a. What do all of the graphs have in common?
b. Which of the functions have a maximum value?
c. Which of the functions have a minimum value?

49. CONSTRUCTION Carly plans to build a rectangular pen against an existing
fence for her dog. She will buy 20 yards of fence material.

a. The table at left shows some different widths, lengths, and resulting
areas that are possible with 20 yards of fence material.
Complete the table.

b. Let w be the width function. Graph w{x) = x. What
domain for w is possible in this situation?

c. Based on the completed table, write and graph
a linear function, J, for the length. What domain
for Iis possible in this situation?

d. Let A(x) = wix) « I(x) be the area function. Show
that the area function is quadratic.

e. What domain for A is possible in this situation?
What range is possible?

. What is the maximum area possible for the pen?
What width and length will produce the
maximum area?

50. FUND-RAISING The student council plans

Ticket price ($)

Attendance Revenue ($) to run a talent show to raise money. Last

vear tickets sold for $5 each and 300
people attended. This year, the student

council wants to make an even bigger

300 1500 profit than last year. They estimate that

[

% ) for each $1 increase in the ticket price,

attendance will drop by 20 people, and
for each $1 decrease in the ticket price,

attendance will increase by 20 people.

a. Let x be the change in the ticket price,

in dollars. Copy and complete the

table at left.
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b. Write the function for the ticket price, t{x). What type of function is #?
What domain for ¢ is possible in this situation?

c. Write the function for the attendance, a{x). What type of function is a?
What domain for a is possible in this situation?

d. Let R(x) = t{x) * a{x) be the function for the revenue. Show that this
function is quadratic.

e. What domain for R is possible in this situation?

f. What is the maximum revenue possible for the talent show? What ticket
price and attendance will produce the maximum revenue?

@ Look Back

For Exercises 51-54, let y=-4x+11. (LESSON 1.2)

s1. Identify the slope m. 52. What is the x-intercept?

53. What is the y-intercept? 54. Graph the line.

& Look Beyond

(85 Graph y=x"—3x+5,y=x"+ 7x+6,and y = x* — 14x + 49 on the same
screen. How many x-intercepts are possible for the graph of a quadratic
function?

SPORTS Refer to the
basketball toss described on
page 273.

3. Use your best model to answer the questions
below.
a. What is the value of w?
b. What is the maximum height achieved
by the basketball?
c. At what time does the basketball reach its
maximum height?

1. Create a scatter plot of the data.

2. The height of a basketball thrown vertically

into the air can be modeled by the tunction
h(t) = Lgr* + vot + ho, where gis the
acceleration due to gravity (—32 feet per
second squared), w, is the initial velocity in
feet per second, and /i, is the initial height in
feet of the ball. Thus, h(t) = =16 + wt + M.
Substitute 6 for the initial height, i, of the
ball into At} =—16F + st + No. Then graph
the function on the same screen as the
scatter plot, using different values for the
initial velocity, w, until you find a model

. Solve for w,algebraically by substituting the

coordinates of one of the data points into

(1) = =16F + st + Mo, Graph the resulting

function on the same screen as the scatter

plot. Use this model to answer the questions

below.

a. What is the value of w?

b. What is the maximum height achieved
by the basketball?

c. At what time does the basketball reach its
maximum height?

that provides a reasonably good fit for the
data.

WORKING ON THE CHAPTER PROJECT

You should now be able to complete Activity 1
of the Chapter Project.
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Introduction to Solving
Quadratic Equations

Objectives

@ Solve quadratic -
equations by taking Why

square roots. You can solve many real-

world problems, such as those
involving the force of gravity on
a falling object, by solving a
right triangles. quadratic equation.

® Use the Pythagorean
Theorem to solve
problems involving

A rescue helicopter hovering 68 feet above a boat in distress drops a life raft.
RESCUE The height in feet of the raft above the water can be modeled by
h{t) = —161" + 68, where tis the time in seconds after it is dropped. How
many seconds after the raft is dropped will it hit the water? Solving this
problem involves finding square roots. You will answer this guestion in Example 3

If ¥* = aand @ 20, then x is called a square root of a. If a > 0, the number a
has two square roots, Va and —Va. The positive square root of a, Va, is called
the principal square root of a. If a = 0, then V0 = 0. When you solve a
quadratic equation of the form x* = g, you can use the rule below.

Solving Equations of the Form x?=a

If ¥ =aand a2 0, then x = Vaor x=-Va, or simply x=+\a.

The expression +V/a is read as “plus or minus the square root of a.” To use the
rule above, you may need to transform a given equation so that it is in the
form »* = a. You can also use the Properties of Square Roots below to simplify
the resulting square root.

Properties of Square Roots
Product Property of Square Roots  [fe=0and b20: Vab=Va+ Vb

fa_XN a

Quotient Property of Square Roots [fa=0and b> O VE= Vo
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EXAMPLE ?

@ soLuTION

WL TECHNOLOGY

—
Keystroke Guide, page 349

4° +13=253
45" =240
X =60
x=+V60
x=V60 or x=-V60
x=7.75 x==7.75

CHECK

Graph y=4x"+ 13 and y= 253
on the same screen, and find
any points of intersection.

Subtract 13 from each side

Divide each side by 4.

Take the square root of sach side.
Exact solution

Approximate solutian

Solve 4x* + 13 = 253. Give exact solutions. Then approximate the solutions to
the nearest hundredth,

f==17.75, 253)

[ (=7.75, 259)

TRY THIS

Solve 5x* — 19 = 231, Give exact solutions. Then approximate the solutions to

the nearest hundredth.

CHECKPOINT 3/ Use the Product Property of Square Roots to show that V&0 = 215, Then use

a calculator to approximate 215,

EXAMPLE @ solved(x-2)2=121.

Dwide each sude by 9

Take the square root of each side.

Use the Quotient Property of Square Roots.

(==1.67, 121)

@ SOLUTION
9x—2)=121
(x=2)= %'
x-2=2 it
= [121 =% f121
x-2+\'9 or x=2 V5
Xx=2+ M X=2- \_2I
V9 V9
soa 1l g1l
x=2+ 3 x=2 3
=1z 2 =-3 —12
x—3.or5§ x=-3, or l3
iy CHECK [
WAy TECHNOLOGY 12
i o Graph p=9(x- 2)’ and y = 121 on the same |
o screen, and find any points of intersection. 3
=
rKeysnolxe Guide, page 349 |

TRY THIS
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(=5.67, 121}

Solve 4(x+ 2)* = 49.



WA TECHNOLOGY

CHECKPOINT ¢/ 3.

EXAMPLE

APPLICATION
RESCUE

Keystroke Guide, page 349 |

TRY THIS

Aetinits
Exploring Solutions to Quadratic Equations

You will need: a graphics calculator or graph paper
1. Copy and complete the second and third columns of the table below.

2 Exact Number of Related Number of
Equation solution(s) solutions function x-intercepts
2=7=0 x=+V7 2 fixy=at=7 2
»=2=0 fx)=x-2
=0 fixy=x
- +2=0 fx)==x*+2
-2 +7=0 fx)==x>+7
~x'=0 fx) ==

. Graph the related quadratic function for each equation, and complete
the last column of the table.

What is the relationship between the number of solutions to a quadratic
equation and the number of x-intercepts of the related function?

Refer to the rescue-helicopter problem
described at the beginning of the lesson.

After how many seconds will the raft
dropped from the helicopter hit the water?

T EB=b

@ SOoLUTION
The raft will hit the water when its height
above the water is 0 feet, or when /i{7) = 0.

Method 1 Use algebra. Method 2 Use the graph.

Let k(1) = 0. Graph hi(r) =—167 + 68, and find the
—16t2+68=0 reasonable f-value for which h(t) = 0.
16t = 68 The graph of
2= # hfort<0is
; 9 not reasonable
= —} in this context.
PO
=t
t=+2]1

Since £ must be greater than 0, the raft will hit the water about 2.1 seconds
after it is dropped.

How many seconds will it take the raft to hit the water if the helicopter drops
the raft from a height of 34 feet?
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Using the Pythagorean Theorem

CULTURAL CONNECTION: ASIA
Sometime between 1900 B.C.E.
and 1600 B.C.E. in ancient
Babylonia (now Iraq}, a table

of numbers was inscribed on a
clay tablet. When archeologists
discovered the tablet, part of it
was missing, so the meaning of
the numbers on it remained a
mystery. The sets of numbers on
the tablet are believed to be
triples, called Pythagorean
triples, that form a special right-
triangle relationship. This
relationship, named after the
Greek mathematician Pythagoras, is

Ancient tablet believed to
contain Pythagorean triples

commonly called the Pythagorean Theorem. B
hypotenuse

When you sketch a right triangle, use capital letters ¢ ':S

to name the angles and corresponding lowercase

letters to name the lengths of the sides opposite the A c

angles. For example, BC is labeled a because it is leg
opposite angle A.

Pythagorean Theorem
If AABC is a right triangle with the right angle at C, then a* + b’ = &,

When you apply the Pythagorean Theorem, use the principal square root
because distance and length cannot be negative,

EXAMPLE Find the unknown length in each right triangle. Give answers to the
nearest tenth.
a. Y b. P
Z x=25 q=4.0
X yasl 2 R
@ soLuTioN
PROBLEM SOLVING ~ Use a formula.
a. X+y=2 b. r+g=r
252+5.12=72 P +407=8.2°
z"=5.ll+2.5"; =82 -4.0°
z=V5.17 4 2.5 p=V82 40’
z=15.68 p=7.16
zis about 5.7 units. pis about 7.2 units.
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TRYTHIS  Find the unknown length in each right triangle. Give answers to the
nearest tenth.

a. E b. R
f=85 d=2.5 '
s=34
o) = F
T r=8.7 s

CRITICALTHINKING  Suppose that AABC is a right triangle with the right angle at C. Write a
formula for b in terms of @ and ¢, assuming that @ and c are known. Then
write a formula for a in terms of b and ¢, assuming that b and care known.

Sometimes you may need to apply the Pythagorean Theorem twice in order to
find the solution to a problem. This is shown in Example 5.

EXAMPLE OThe diagram shows support wires AD and
BD for a tower.

How far apart are the support wires where they
contact the ground? Give your answer to the
nearest whole foot.

APPLICATION
ENGINEERING

-

00t 760 ft

3

NS
N

@ SOLUTION

The distance between the support wires
where they contact the ground is AB.

850t

N/
/N

1. Apply the Pythagorean Theorem to c B A
AADCto find AC, [Not drawn to scale]
(AC)* + (CD)* = (AD)?
(AC) + 7607 = 900°

(ACY? = 900° 760
AC = V900! — 7607

AC = 482.08
2. Apply the Pythagorean Theorem to ABDC to find BC.
T~ TECHNOLOGY (BC)* + (CD)* = (BD)?
- SCIENTIFIC (BC)* + 760° = 850°
CCc. CALCULATOR

(BC)? = 850° ~ 760°
BC = V850% — 760"
BC = 380.66
3. Find AC- BC= AB.
482.08 — 380.66 = 101.42

You can edit the
previous entry by
replacing 900 with 850,

The wires are about 101 feet apart at ground level.

TRYTHIS  In the diagram below, find PQ. Give your answer to the nearest whole meter.

S
719 m
i i P
R Q P
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EXxercises

@ communicate

1. Describe the procedure you would use to solve 5(x+ 3)° = 12,

2. Describe three situations in which it makes sense to consider only the
principal root as a solution.

3. How can you find the length of the hypotenuse of a right triangle with legs
that are 3 and 4 units long?

. qlll'ded 5,('///8 Practice nu——————

APPLICATION

CONNECTION

APPLICATION

Solve each equation. Give exact solutions. Then approximate each
solution to the nearest hundredth, if necessary. (EXAMPLES 1 AND 2)

4.xX=29 5.2¢-4=18 6. (x+1)'=9
7.3(x—-2)=21 8.2 -4)+3=15  9.1¥+6)-5=10

10. AVIATION A crate of blankets and clothing is dropped without a parachute
from a helicopter hovering at an altitude of 110 feet. The crate’s height in
feet above the ground is modeled by /(1) = ~16¢* + 110, where ¢ is the time
in seconds after it is dropped. How long will it take for the crate to reach
the ground? (EXAMPLE 3)

GEOMETRY Find the unknown length in each right triangle. Give your
answer to the nearest tenth. (ExAMPLE 4)

1 E 12. L
'll: 4.5 d=2.5 mm SR
g F N =17 M

13. CONSTRUCTION Two support wires and their lengths are shown in the
diagram below. What is the distance in meters between the wires,
represented by CD, where they are attached to the ground? Give your
answer to the nearest tenth of a meter. (EXAMPLE 5)

A
68 m W
Bé . »
Homework
Help Online ‘ Practice and App/t/ I

Go To: gohrw.com

Keyword:

MB1 Homework Help
for Exercises 14-21

286 CHAPTERS

Solve each equation. Give exact solutions. Then approximate each
solution to the nearest hundredth, if necessary.

14. =121 15. X’ =32 16. 3 =49
12,4 = 20 18. 4 = | 19. ¢ =6



20.20=13 21. 2 +5=41 22. X -37=0

23.2°-5=6 244X +5=20 25.10-3x° =4
26.8-2x'=-3 272.(x-5)=16 28. (t42)2=7
29-13(f:—15]=37 30.4(s+7)-9=39 31.7=2r+1)72-3

Find the unknown length in each right triangle. Give answers to the
nearest tenth.

32. B 33. S
e s A”M

A - C R §=2 T

34. H 35. D
J e=29 i
=7
¥ d E
J h=18 I
36. E
g=1
f=04
G ¢ F

Find the missing side length in right triangle ABC. Give answers to the

nearest tenth, if necessary. B
38.ais9and bis 2. 39.ais8and bis4.
40. cis 5 and Dis 3. 41 cis V29 and b is 5. L
42. ais 9 and cis V90. 43.ais7and cis V74, »

7 C

Write a quadratic equation for each pair of solutions.
44.7 and -7 45.\17 and —\17 46. V2001 and —\2001

CONNECTIONS 47. GEOMETRY The area of a circle is 20r square inches. Find the radius of the
circle, (Hint: The area of a circle is given by A = mtr2.)

48. GEOMETRY Copy and complete the table.

Area of square 4 5 6 7 8 s A
Side of square 2 560
Diagonal of square | V8

49. GEOMETRY A cube measures 3 feet on
each edge.
a. What is the length of a diagonal, such
as a, along one of the faces of the cube?
b. What is the length of a diagonal, such as b, that passes through the
interior of the cube?

=
S~

<
Fed

H
~
N b
[t
[ B, -
ikl
-

17

, . &

-
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50. GEOMETRY A right pyramid that is 12 feet tall
has a square base whose side length is 5 feet.
a. What is its slant height?
b. What is the length of its lateral edges?

51. PHYSICS A worker drops a hammer from 12t lateral
a second-story roof that is 10 meters above
the ground. If the hammer’s height in
meters above the ground is modeled by slant
() = -4.97 + 10, where ¢ represents time height
in seconds after the hammer is dropped, about
how long will it take the hammer to reach the
ground?

5ft

52. RECREATION A child at a swimming pool jumps off a 12-foot platform
into the pool. The child’s height in feet above the water is modeled by
hit) =—16¢ + 12, where tis the time in seconds after the child jumps.
How long will it take the child to reach the water?

53. SPORTS A baseball diamond is a square with sides of 90 feet. To the nearest
foot, how long is a throw to first base from third base?

54. NAVIGATION A hiker leaves camp and walks 5 miles east. Then he walks 10
miles south. How far from camp is the hiker?

55. TELECOMMUNICATIONS The cable company buries a line diagonally across
a rectangular lot. The lot measures 105 feet by 60 feet, How long is the
cable line?

56. ENGINEERING The velocity, v in centimeters
per second, of a fluid flowing in a pipe varies
with respect to the radius, x, of the pipe
according to the equation v(x) = 16 — x%.

a. Find xfor v=7.
b. Find xfor v=12.
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57. CONSTRUCTION The bottom of a 20-foot
ladder is placed 4% feet from the base of a
house, as shown at right, At what height
does the ladder touch the house?

58. SPORTS A cliff diver stands on a cliff
overlooking water. To approximate his
height above the water, he drops a pebble
and times its fall, If the pebble takes about
3 seconds to strike the water, approximately
how high is the diver above the water? Use
the model A{f) = —4.9¢ + ho, where I is the
pebble’s height in meters above the ground,
tis the time in seconds after the pebble is
dropped, and My is the height of the cliff in

meters. #TEx
=45 ft—=|
59. CONSTRUCTION Find the length of the 1-ft overhang rafter
rafter that provides for a rise of 5 feet //IN
over a run of 24 feet. Allow for a 1-foot x4 -
overhang in the length of the rafter. f 24 ft -

Determine whether each table represents a linear relationship between
x and y. If the relationship is linear, write the next ordered pair that
would appear in the table. (LEsson 1.1)

60. 61.
X |=5|-3|-1|10 2|4 x|-3|-111 |3 (5]7

2110 |-1|=2]|-3 y|1-9|-51-1]3 |7 |11

Find the slope of the line passing through the given points, and write
the equation of the line in slope-intercept form. (LESson 1.2)

62. (—4,-2) and (6, -7) 63. (3,5) and (-6, 1}
Evaluate each expression. (LESSON 2.2)

6a. 44" 65. (5] 86. (6'+ 6)°
Give the domain and range of each function. (LEsson 2.3)

67. flx)=3x -7 e8. fl) =X 69. flx) = 3(’5‘)1

TRANSFORMATIONS Graph each pair of functions, find the vertices, and
describe how the graphs are related.

(70! fix) = (x—3)*—5and g(x) = (x—3)*+5
(71} fix) = (x+5) —4and g(x) = (x - 2)* - 4
(72} fix) = x* and g{x) = (x - 3)" =4
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Factoring Quadratic
Expressions

Objectives

® Factor a quadratic
expression.

® Use factoring to solve
3 quadratic equation
and find the zeros of

; Quadratic expressions are

8 quadratic function, °. ¢ used to describe many real-world
E patterns, such as the pattern of

this fountain

APPLICATION An architect created a proposal for the fountain shown above, Each level
ARCHITECTURE (except the top one) is an X formed by cubes. The number of cubes in each of

the four parts of the X is one less than the number on the level below. A
formula for the total number of cubes, ¢, in the fountain is given by ¢=2¢7 - n,
where n is the number of levels in the fountain. How many levels would a
fountain consisting of 66 cubes have? You will answar this question in Example 7

Factoring Quadratic Expressions

Multiplying When you learned to multiply two expressions like 2x and x + 3, vou learned
BPRA how to write a product as a sum. Factoring reverses the process, allowing you
2x(x+3)=2x"+ 6x  to write a sum as a product.

<

To factor an expression containing two or more terms, factor out the greatest
common factor (GCF) of the two expressions, as shown in Example 1.

EXAMPLE ?Factoreach quadratic expression,

Factoring

a. 3¢ - 12a b. 3x(4x+ 5) = 5(4x+5)
@ soLuTion
Factor out the GCF for all of the terms.
a. 3@ =3a+*aand 12a=3a+4 b. The GCF is 4x+ 5.
The GCF is 3a. 3x(4x+5) - 5(4x+53)
3a’ — 12a = 3ala) —3a(4) ={3x-5){dx+5)

=(3a)(a—-4)

TRY THIS Factor 5x° + 15xand (2x— 1)4 + (2x— 1)x.
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An expression of the form ax’ + bx + ¢, where a # 0, is often called a quadratic
trinomial. In the Activity below, you will investigate how to factor this type of
expression.

(lj;zfm:r;/;,.

Factoring With Algebra Tiles

You will need: algebra tiles

You can model a quadratic expression that can be factored with algebra
tiles, as shown below.

T
x+2

xetile
unit tile
gl el

x+5

The rectangular region formed by algebra tiles above illustrates that the
total area, x> + 7x + 10, can be represented as the product {x+ 5)(x+ 2).

1. Use tiles to determine whether &% + 4x + 4 can be represented as the
product of two linear factors. Justify and illustrate your response.

2. Use tiles to determine whether & + 6x + 8 can be represented as the
product of two linear factors. Justify and illustrate your response.

3. Use tiles to determine whether x* + 7x+ 12 can be represented as the
product of two linear factors. Justify and illustrate your response.

CHECKPOINT ¢/ 4. Describe how algebra tiles can be used to factor a quadratic trinomial.

Many quadratic expressions can be factored algebraically. Examine the
factored expressions below.

PROBLEM sowviNG  Look for a pattern. Notice how the sums and products of the constants in the
binomial factors are related to the last two terms in the unfactored expression.

X+ 7x+10=(x+5){x+2) X=7x+10=(x—5)(x-2)
|5+2=7 ” 5x2=10 I | —5-2=-7 I —Sx(=2)=10

A+3x-10=(x+5){x-2) X=3x-10=(x-5){x+2)
|5-2=3 I 5x(—2)=—lﬂ| | ~5+2=-3 I ~5x2=~10

The patterns shown above suggest a rule for factoring quadratic expressions of
the form &% + bx + ¢.

Factoring x?+ bx+ ¢

To factor an expression of the form ax® + bx + c where a = 1, look for
integers r and s such that r« s = cand r+ s = b. Then factor the expression.
4 bx+c={x+r){x+s)
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When ¢ is positive in x* + bx + ¢ (¢ > 0), test factors with the same sign.

EXAMPLE @ Factorx+5c+6.

PROBLEM SOLVING

TRYTHIS

@ SOLUTION

Guess and check. Begin with (x ){x ). Find the factors of 6 that result in 5x
for the bx-term.

(Jlr+|l)_(,‘t+eli) (ir+&x+.?) [:Ic—ll)_(f—tli) (f—ZI)_I(x—IS)

1x+6x=5x 2x+3x=5%¢ =lx+(-6x)=5x —2x+ (-3x) =5x
False True False False

Thus, ¥ + 5x+ 6= (x+2)(x+ 3).

Factor x* + 9x+ 20.

When ¢ is negative in x° + bx + ¢ (¢ < 0), test factors with opposite signs.

EXAMPLE @ rFactorx-7x-30.

PROBLEM SOLVING

TRY THIS

@ SOLUTION

Guess and check. Begin with (x ){x ). Find the factors of =30 that result in
~7x for the bx-term,

(x—1)}{(x+30) (x+ )(x~30) (x=2)(x+15)
[ [ L
—1x+ 30x=—7x Ix+ (=30x) =—7x —2x+15x=-7x
False False False
(x+2H{x=15) (x=3)(x+10) {x+3)(x~10)
[ [ [
2x+ (—=15x)}=-7x =3x+ 10x=~7x 3x+ (~10x) =-7x
False False True

Thus, ¥ — 7x—30= (x+ 3)(x— 10).

Factor x* — 10x—11.

You can use guess-and-check to factor an expression of the form ax’ + bx + ¢,
where a# 1.

EXAMPLE @ Factor 65 + 11x+ 3. Check by graphing.

PROBLEM SOLVING

292 CHAPTERS

@ SsoLuTION

Guess and check, The positive factors of a, are 1,6, 3, and 2. Begin with
(6x )(x )or(3x )(2x ). Find the factors of 3 that produce 11x for the
bx-term.

(6x+3)(x+1) (6x+1)}(x+3) (Bx+3)(2x+1) (Bx+1)(2x+3)

| — | | — | | — | | —
3x+6x=11x Ix+18x=11x 6x+3x=1lx 2x+9x=11x
False False False True

Thus, 65+ 11x+ 3= (3x+ 1)(2x+ 3}.



CHECK

SR Graph y =62+ 11x+3and y = (3x+ 1)(2x + 3).

GRAPHICS
CALCULATOR

Y-

y=6x2+11x+3
and
y=(3x+ 1)(2x +3)

Keystroke Guide, page 349

The graphs appear to coincide. Thus, 6x* + 11x+ 3 = (3x+ 1){(2x+ 3).

TRYTHIS  Factor 3x* + 11x - 20. Check by graphing.

Examine the product when x+ 3 and x — 3 are multiplied.
(x+3}{x-3)=2+3x-3x+9

=x-9 difference of
=5t —32 two squares

Factoring the Difference of Two Squares

a@—-={a+bla-b)

Examine the products when x + 3 and x = 3 are squared.
(x4 3V =(x4+3)(x+3) (x=30=(x=-3)(x-3)

= .\: +3x+ 3x+9 perfect-square = x: -3x-3x+9
=x"+2(3-\'J+9 trinomials =X’—2(3X)+9

Factoring Perfect-Square Trinomials

@ +2ab+ b =(a+b)? @ =2ab+ P =(a-b)?

EXAMPLE ?Factoreach expression,

a. X'~ 16 b. 4x° — 24x+ 36
@ SOLUTION
a. X —16=(x+4)(x*-4) b.4x —24x+36=4(x —6x+9)
=(+4)(x+2}{x-2) =4[x - 2(3)x+ 3|
=4(x—3)?

TRYTHIS  Factor 98% — 49 and 34 + 6x + 3.
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Using Factoring to Solve Quadratic Equations

You can sometimes use factoring to solve an equation and to find zeros of a
function. A zero of a function fis any number rsuch that fir} = 0.

Zero-Product Property
If pg=0,then p=0orqg=0,

An equation of the form ax’ + bx+ ¢=0 is called the general form of a
quadratic equation. If a quadratic equation is in standard form and the
expression ax’ + bx + ¢ can be factored, then the Zero-Product Property can be
applied to solve the equation. To apply the Zero-Product Property, write the
equation as a factored expression equal to zero. For example, x* + 6x=—5 must
first be rewritten in standard form as x* + 6x + 5 = 0 and then factored as (x +
SHx+1)=0.

CHECKPOINT ¢ What is the solution to the equation (x+ 5)(x+ 1) =0?

Example 6 shows you how to use the Zero-Product Property to find the zeros
of a quadratic function.

EXAMPLE Use the Zero-Product Property to find the zeros of each quadratic function,
a flx)=2x-1lx b. glx) = x" — 14x+ 45
@ SOLUTION

Set each function equal to zero, and use the Zero-Product Property to solve
the resulting equation.

a. 28 - 11x=0 b. x—-14x+45=0
x(2x—=11)=0 (x=51x-9)=0
x=0 or 2x-11=0 x=5=0 or x-9=0
x=0 x=11 xX=5 x=9

2
CHECK CHECK

A TECHNOLOGY

Keystroke Guide, page 349 |

TRYTHIS  Use the Zero-Product Property to find the zeros of each function.
a. i(x) =32+ 12x b. j(x) = x* + 4x - 21

CRITICALTHINKING  Show that fix) = ax® + bx, where a # 0, has two zeros, namely 0 and _b.
qa
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EXAMPLE 0 Refer to the fountain problem discussed at the beginning of the lesson.

AP PLICATI ON
~ ARCHITECTURE

BAM  TECHNDLOGY

Keystroke Guide, page 349

@ sowuTion

How many levels would a fountain
consisting of 66 cubes have?

Method 1 Use algebra.
Solve 21° — n = 66 by factoring.

2 —n—-66=0 Write in standard form.
(2n+11)(n—=6)=0 Factor 20" — n— 66

2n+11=0 or n-6=0

n=-535 n=6

Because the number of levels must be a
positive integer, =5.5 cannot be a solution.
The fountain would have 6 levels.

Method 2 Use a table.

Make a table of values for y = 2x* — x— 66.
From the table at right you can see that the
function has a zero at x=6.

Therefore, the fountain would have 6 levels.

EXxercises

@ communicate

1 1f ¥ + 34x + 285 is factored as (x + g}{x + s), how do you find g and s

2. What do you know about the factors of x* + bx + ¢ when ¢ is positive? when
cis negative? What information does the sign of b give you in each case?

3. State what must be true about the numbers pand q if pg = 0.

. Gulded SKills Practice n——

Factor each quadratic expression. (EXAMPLE 1)
4.2x" - 8x 5.2y — 6y 6. 5ax’ — 15a°x
7.4x(x+3)~7(x+3) 8 (4r+7)3=(4r+7)2r 9.(95~5)8s+ 3(9s-~5)

Factor each quadratic expression. (EXAMPLES 2, 3, AND 4)

10. X +5x+6 M X +8x+7 12. ' —5y+4
13. X —4x- 12 14. ' - 9y -36 15. 2% + 10x - 24
16.2x° + 9x+ 10 17. 3 4+ 5x+ 2 18.58° 4+ 13x -6

19. 8x7 +24x— 14x—42 20. 12° + 21r—8r—14 21 72¢—-565— 365+ 28
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Factor each quadratic expression. (EXAMPLE 5)

22. x*' -8l 23.2x" -8 24.16x° - 25 25. X" +8x+ 16

Use the Zero-Product Property to find the zeros of each quadratic

function. (ExAMPLE 6)

26. flx)=x+7x 27. 8x)=x"+6x+9  28.fl)=F+3-10

29. GEOMETRY Line segments are drawn to connect 1 points with one another.
The number of connecting segments is described by the function
h(a) = w 1f 36 connecting segments are drawn, how many points are
there? (EXAMPLE 7)

@ Practice and Apply n——————

Factor each expression.

30.3x+6 313" + 18

32. 10n - 33. x—4x°

34. 6x-2x° 35. ~3)° - 15y

36. 5x(x—2)—3(x-2) 37 (x+3)(2x) + (x+3U7)
38. @’x+ 5a°x — 2ax 39. 4alr — 6a’b

Factor each quadratic expression.

40. x* — 16x+ 15 a1 X +8x+ 16
42. X' — 26x+ 48 43. X +4x-32
aa. X’ +7x-30 as. x> — 10x— 24
46. -22x— 48 + X 47.2x+ x> - 24
48. X’ — 56 - 10x 49.56 + 10x - ¥’
50. 30+ x— X 51 24 + [0x—x°
52. 37 + 10x+3 83.2° +5x+2
54. 2% + 3x+ 1 55. 33° + 7x+ 2
56. 12x" -~ 3x-9 67.3X - 5x-2

Solve each equation by factoring and applying the Zero-Product Property.

58. 15x° =7x+2 59. 3x' —5x=2

60. 4x—4 = —15x 613X +3=10x
62. 2% - 15=-T7x 63.6X° — 17x=~12
64.x -36=0 65. 1 -9=0
66.x' —81 =10 62.x'-1=0

68. 4 -9 =10 69.25x — 16 =0
70. 8% - 2x+1=0 7L +4x+4=0
72. 9% = -6x -1 73.4x¥° 4+ 1 =4x

74. -4 +20x- 25 =0 75. 40x+ 25 = 16X
76.64 + 16x+ X =0 77.9-6x+ =0






