Using Matrices Dwwmmm
to Represent bl

about picnic tables and

barbeque grills can be
organized into matrices.

Objectives

® Represent
mathematical and real-
world data in a matrix.

@ Find sums and
differences of matrices  ‘The table below shows business activity for one month in a home-

and the scalar product improvement store. The table shows stock (inventory on June 1), sales
of a number and a /

matrix. (during June), and receipt of new goods (deliveries in June).
Inventory (June 1) Sales (June) Deliveries (June)
APPLICATION Small Large | Small Large | Small Large
INVENTORY Picnic tables 8 10 7 9 15 20
Barbeque grills 13 12 15 12 18 24

You can represent the inventory data in a matrix.
Small Large
oo Picnic tables [ 8 ]O] _ [7’f!| ]
inventory malnx — . =M=
m;, ‘ Barbeque grills [ 15 12 my My
\ A matrix (plural, marrices) is a rectangular array of numbers enclosed in a
single set of brackets. The dimensions of a matrix are the number of
horizontal rows and the number of vertical columns it has. For example, if a
matrix has 2 rows and 3 columns, its dimensions are 2 x 3, read as “2 by 3.”
The inventory matrix above, M, is a matrix with dimensions of 2 x 2.

2nd row lst column

Each number in the matrix is called an entry, or element. You can denote the
address of the entry in row 2 and column 1 of the inventory matrix, M, as ni
and state that ;) = 15. This entry represents 15 small barbeque grills in stock
on June I,

EXAMPLE o Represent the June sales data in matrix S. Interpret the entry at s;;.

@ SOLUTION
Small Large
Picnic tables

o ' [ 7 9]

Sales matrix — < % =S
Barbequegrills [ 15 12

In matrix S, 512 =9. In June, 9 large picnic tables were sold.

TRY THIS Represent the delivery data in matrix D. Interpret the entry at da;.
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Two matrices are equal if they have the same dimensions and if corresponding
entries are equivalent.

2x+ 4 5 1 12 5 1
EXAMPLE QSolve[ 2 3yss _4]_[_2 5y-3 _4]f0rxandy.

@ soLuTiON
Because the matrices are equal, 2x +4 =12and -3y +5=5y- 3.
2x+4=12 =3y+5=5-3

2x=8 -8y=-8
x=4 y=1

Thus, x=4and y=1.

o [-3 -2x-3]_[-3 E)

TRYTHIS  Solve [_2 3y 12] = [_2 25+ 13] for xand y.

Addition and Scalar Multiplication

To find the sum (or difference} of matrices A and B with the same dimensions,
find the sums (or differences) of corresponding entries in A and B.

-2 01 5 7 -1
EXAMPLE @laa=|7 0 Hanana[? 7 T

a. Find A + B. b. Find A - B.
@ soLuTion
a. -2 0 1 5 7 -1
e = s]*[o 2 —s]
[=24+5 0+7 l+[—l]] l[
"L53+0 =7+2 8+(-8)
Keystroke Guide, page 268 3 7 0
“ls -5 oJ

_[=2=-5 0-7 l—(—]]]
"L5-0 -7-2 8§-(-8)
% =2 2
L5 9 16

L 0 0 -10 5
letA=| 4 1 |and B= 0 4
-3 -5 -7 3

a.Find A - B. b. Find A + B.
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1 =5
CHECKPOINT ¢/ [s it possible to find the sum l_f _: SJ + [ 8 —6]? Explain,
-3 0

Example 4 below shows how matrix addition and subtraction can be used
in inventory calculations. You can perform matrix addition and subtraction
in one step.

EXAMPLE Refer to the table of business activity at the beginning
of the lesson. Let matrices M, S, and D represent the

inventory, sales, and delivery data, respectively.
APPLICATION
INVENTORY Find M - S+ D. Interpret the final matrix,

@ SOLUTION
$ 101 [7 9] [15 20
M=5+D=|,s 12]‘[15 |z]+[|s 241
T B=7415 lO-9+20]
=lis-15418 12-12+24

mall Large
16 ZIJ Picnic tables
| 18 24 | Barbeque grills

w

At the end of June, the store has 16
small and 21 large picnic tables in

stock. It also has 18 small and
24 large barbeque grills.

TRY THIS lmd[_3 _6]*’[_7 3]-[40 ll]'

To multiply a matrix, A, by a real number, k, write a matrix whose entries
are k times each of the entries in matrix A. This operation is called scalar

multiplication.
3 2 0
EXAMPLE Qum= -1 -3 6 |.Find-2A.
2 0 -10
@ SoLUTION

-2(3) =2(2) =2(0) =6: =4 0
=2A=|=2(=1) =2(-3) =2(6)|=| 2 6 ~-I2
=2(2) =2(0) -2(-10) -4 0 20

CHECKPOINT ¢/ What are the entries in matrix kA if Aisa 2 x 3 matrix and k = 07
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When k= ~1, the scalar product kA is =14, or simply —A, and is called the
additive inverse, or opposite, of matrix A. For example,

3 4 0 =3 & 0
ifA=|2 -8 6|, then-A=|-2 8 -6 istheadditive inverse of A,
7 1 -5 -7 -l 5

3 -5

0 ,], Write the sum of T and its additive inverse,

CHECKPOINT ¢/ Let T= [

10
-3

show that A + A+ A =3A.

—4 ; ik yogbn
CRITICALTHINKING  Let k=3 and A= [ ,)]. Use matrix addition and scalar multiplication to

Properties of Matrix Addition

For matrices A, B, and C, each with dimensions of m x n:

Commutative A+B=B+A

Associative (A+B)+C=A+(B+C)

Additive Identity  The m x n matrix having 0 as all of its entries is the
m x it identity matrix for addition.

Additive Inverse  For every m x n matrix A, the matrix whose entries
are the opposite of those in A is the additive inverse
of A.

Geometric Transformations

Example 6 shows you how to represent a polygon in the coordinate plane as
a matrix,

EXAMPLE GRepresent quadrilateral ABCD as matrix P,

Al=33)
i @ SOLUTION Y
CONNECTAON Because each point has 2 coordinates and there {8 . 1
R E are 4 points, create a 2 X 4 matrix. 331,112 a
A B C D Lo fa) Py
C(3,-2)
pe [—3 3 3 —2] x-coordinates T
3 2 -2 -1/ y-coordinates

When you perform a transformation on one geometric figure to get another
geometric figure, the original figure is called the pre-image and the resulting
figure is the image. When you apply scalar multiplication to a matrix that
represents a polygon, the product represents either an enlarged image or

a reduced image of the pre-image polygon. This is shown in Example 7 on
page 220,
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EXAMPLE Refer to quadrilateral ABCD and matrix P in Example 6.

Graph the polygon that is represented by each matrix.
a.2P b. 1P

* TRANSFORMATIONS =@ SOLUTION

a. Let quadrilateral A'B'C' D' b. Let quadrilateral A"B"C"D"
represent the image. represent the image.
A" B" CN D"
A" B' C' D' 303 3 1
pa[S 6 6 ] pu| 2 3 F -
6 4 -4 =2 2 & 4 "1
2 =] 2
Graph A'B'C'D".

Quadrilateral |
A'B'C'D’ is an
enlarged image,
or dilation, of
quadrilateral
ABCD by a scale
factor of 2.

o s o SN

il
\

Quadrilateral A*B*C*D" is a
reduced image of quadrilateral
ABCD by a scale factor of 3.

TRYTHIS  Refer to quadrilateral ABCD and matrix P in Example 6. Sketch the polygon
that is represented by each matrix.

a. 4P b.}P

Exercises

@ communicate

1. Describe the location of entry iz, in a matrix called M.

2. Describe the location of entries by, by, bva, and by in a matrix called B.
What are the smallest possible dimensions of matrix B?

3. Explain how to represent a polygon in the coordinate plane as a matrix.
4. Explain how to use scalar multiplication to transform a polygon (pre-
image) in the coordinate plane into another polygon (image).
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5. INVENTORY Represent the Inventory
inventory data at right in a Small | Medium | Large
matrix, M. Interpret the entry Jor 12 28 17
at ;. (EXAMPLE 1) goeye
T-shirts 15 32 45
Sweatshirts 6 20 30
6 5 6 5
6. Solve | x+8 4|=|14-x 4 | for xand y. (EXAMPLE 2)
0 2y-1 0 =13~y
3 2 8§ -9
7.letR=|-5 =1]|andS=[-2 6| (EXAMPLE 3)
-7 9 7 -3
a. Find R+ S. b. Find R— S.
. 2 9 -5 5 =2 12 0 -2 8
8. Find [_6 1 3] - [2 4 _5] - [_4 i 7]. (EXAMPLE 4)
9. Let A= [—é _g 8] Find —JA. (ExamPLE 5)
10. COORDINATE GEOMETRY Represent 4

quadrilateral ABCD at right as a
matrix, Q. (EXAMPLE 6)

. TRANSFORMATIONS Refer to quadrilateral
ABCD at right and matrix Q in Exercise 10.

Graph the polygon that is represented by Z j 2 4

-

cach matrix below, (ExAMPLE 7)
a.3Q C

@ Fractice and Apply
For Exercises 12-23,

8 -5 2 ;
IetA=[5 7 =3 °],B= “ @ ‘g ,andc=[2].

-2 1 8 n 0 -5 6
5 7 -6

I internet connect - Give the dimensions of each matrix,
Homework -
Help Online 12. A 13. B 14.C
ki Give the entry at the indicated address in matrix A, B, or C.
MB1 Homework H
for Exelc.i:;: 12-1.71," 15. 16. b 17. oy
50-52, 55-59 . o .
Find the indicated matrix.
18. - A 19. —-4C 20.-2B
21.-B 22.3A 23.1p
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CHALLENGE
CONNECTION

APPLICATION
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Solve for x and y.

3 4)'J_[ 3 2J 2% 5J_[y+12 sJ
28-15 87 Lax-1 8 -0 ol 1 x+7
- 1 A 1 22
18 ﬁx 2x+6 I 3.,\ 12 6 x+ 3
26.| = 5 27. ; =13 i
-_-9'_); 15 3 ) _—4 i}’+ 5
25x 3y+5]_ l—l() 2] 4.1x x] ] l 16.4 xJ
el yJ [y 2100 3771 L=25x -11.1
" 73 -1 5 6 0 11 -3
For Exercises 30-45, let A= l_z 8 0 _‘J and B= Ls 2 -8 9J.
Perform the indicated operations.
30. A+ B 31.A-B 32. 2A 33.-3B
34. B- A 36.A+B-A  36.4(B-A) 37.(B+ A) - (-A)
38.~(A- B) 39.24 - (-B- A) 40. —(%B—A) a1.-3(B+ A)- A
42.-1A+(B- A) 43.3B+24 as.1(B-24) 45.4(%A+%A)

46. Construct a 3 x 3 square matrix, A, where @; = i*+ 2j — 3.

TRANSFORMATIONS For Exercises 47-49, refer to the coordinate plane
at left.

47. a. Represent AMNO as matrix A.
b. Graph the polygon that is represented by i/\

. Graph the polygon that is represented by —%A.
. Graph the polygon that is represented by 4A.

. Represent AOPQ as matrix B.
. Graph the polygon that is represented by 2B.
. Graph the polygon that is represented by —4B.

48.

. Graph the polygon that is represented by %B.

49. a. Represent AORS as matrix C,
. Graph the polygon that is represented by 2C.

. Graph the polygon that is represented by —C.

6T & oo a o

d. Graph the polygon that is represented by —%C.

GEOGRAPHY Tracy and Renaldo both
collect maps. Together they have a

'60s '70s '80s 90s

2 : 2 Europe( 3 1 4 2
variety of maps from the 1960s to the Asial5 3 6 3
1990s. Matrix M shows the number  NorthAmerical 2 7 9 5|7 M
of each type of map they have. Africal 8 5 4 6

50. What are the dimensions of matrix M?

51. Describe the entry at ;.

52. Describe the entry at n;.

53. What is the total number of maps of Africa that Renaldo and Tracy have?

54. What is the total number of maps from the 1960s that Tracy and
Renaldo have?



APPLICATIONS

CONSUMER ECONOMICS At a local farmer’s
market, Jane sold 27 squash, 31 tomatoes,
24 peppers, and 18 melons. Jose sold

48 squash, 72 tomatoes, 61 peppers, and
25 melons.

55. Create a 2 x 4 matrix of this
data. Name this matrix P.

56. What is the address of the
number of peppers that
Jane sold?

57. What is the address of
the data stored in the
second row and first
column. What does
this entry represent?

68. Could you have created
a matrix with different
dimensions from the one
you created in Exercise 557

ACADEMICS The matrix below shows the number of events during the fall

semester for three extracurricular activities,

Aug. Sept. Oct. Nov. Dec.

Drama productions | () 1 2 1 2
Soccer games | | 4 3 3 0
Journalism publications | | 2 3 3 2

59. What are the dimensions of this matrix?
60. Find the total number of events that occurred in September.
61. Find the total number of drama productions during the fall semester.

62. During which month did the most events occur?

INVENTORY A music store manager
wishes to organize information
about his inventory. The store
carries records, tapes, and
compact discs of country,
jazz, rock, blues, and classical
music.
63. Give possible numbers
for each type of music
in each type of format.
64. Create a matrix to store

this information. Name
this matrix M.

65

b

Indicate what the entry at n; of the
matrix you created in Exercise 64
represents,
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Portfolio
Extension

Go To: go.hrw.com
Keyword:

MB1 Matrix

6 Look Back

Write an equation in slope-intercept form for the line containing the
indicated points. (LESSON 1.3)

66. (4,0) and (-9, 11) 67. (10, 3) and (8, =5)

68. If yvaries directly as xand y is 49 when xis 14, find x when y is 63.
(LESSON 1.4)

69. Find the inverse of f{x) = 2x— 1. (LESSON 2.5)

Write each pair of parametric equations as a single equation in x and y.
(LESSON 3.6)
x(t)=3t—1
% ‘ ylt) =2t

x(t)=5-1 x(1) =-6¢

7 [,v(r) =3 % We)y=1

& Look Beyond

73. Write the system of linear equations represented by these equivalent

A e _[5x—2y]_[3]
j matrices: x+4y| =17}

Finding your way around the exhibits in museums may appear to be a
random process. However, to calculate the number of paths to and from
exhibits requires a mathematical approach.

The exhibits on the fourth floor of the Museum of Natural History can
be modeled by the network diagram below. The address n;; of matrix N
below represents a path from the Evolution of Horses, [, to the Dinosaur
Mummy, D.

Fourth Floor, G e

NY Museum of MHDTG
Natural History T Mlo 1 0 0 0

G: Glen Rose Trackway H|1 01 0 0

T: Tyrannosaurus

J D =

: Dinosaur Mummy From D10 1 0 1 1}=N
H: Evolution of Horses T|10 01 0 1

M: Warren Mastodon M H G|l0O 0 1 1 0O

1. Describe the difference between locations n34 and g in matrix N.
2. Explain the meaning of the 1 at ns; and 0 at m,.

3. Describe how to use matrix N to determine whether it is possible to
reach Tyrannosaurus, T, directly from the Glen Rose Trackway, G.

4. Explain why each element of the main diagonal is 0.

. Explain how to find the number of paths leading to each exhibit by
using the matrix.

6. Explain how to find the number of paths going from each exhibit by
using the matrix.

WORKING ON THE CHAPTER PROJECT

You should now be able to complete Activity 1 of the Chapter Project.
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Matrix Multiplication

Wh
y Many simple calculations, such as keeping

track of the score of a football game, involve a
process of calculation that is very similar to
matrix multiplication. Matrix multiplication can
also be vsed for more complicated calculations.

Objectives

® Multiply two matrices.

® Use matrix
multiphcation to solve
mathematical and real-
world problems.

APPLUICATION Matrix multiplication involves multiplication and addition. The process of
SPORTS matrix multiplication can be demonstrated by using football scores,

A football team scores 5 touchdowns, 4 extra points, and 2 field goals. A
touchdown is worth 6 points, an extra point is 1 point, and a field goal is
3 points. The final score is evaluated as follows:

(5 touchdowns)(6 pts) + (4 extra points)(1 pt) + (2 field goals)(3 pts)
= 30 points + 4 points + 6 points
= 40 points total

Matrix multiplication is performed in the same way.

Touch- Extra  Field Point Total
downs points goals values score
6
[5 4 2| X 1] = [(5)(6) +(4)(1) + (2)(3)] = [40]
3

Notice that a 1 x 3 matrix multiplied by a 3 x 1 matrix results ina 1 x 1
matrix. To multiply any two matrices, the inner dimensions must be the same.
Then the outer dimensions become the dimensions of the resulting product
matrix.

Outer dimensions Product dimensions

1x3 IX1l = 1x1
w7

Inner dimensions
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0 5 1 2 =l
Is it possible to find the product BA? Explain.

CHECKPOINT ¢/ [ot A= [2 = 3:I and B= [' 0]. Is it possible to find the product AB?

The procedure for finding the product of two matrices is given below.

Matrix Multiplication

If matrix A has dimensions m % 1 and matrix B has dimensions nx r,
then the product AB has dimensions m x r.

Find the entry in row i and column j of AB by finding the sum of the
products of the corresponding entries in row i of A and column j of B.

EXAMPLE LﬂH=[2 _3]and6=[6 °].

K 4 7
a. Find HG, if it exists. b. Find GH, if it exists.
@ sSoLuTION
a. The product HG has dimensions of 2 x 2.
row 1ofH row 1 of H
column 1 of G column 2 of G
[2 -3] [6 u] . [ (2)(6) + (=3)(4) (2)(0) + (-3)(7)] o [ 0 -21]
1 51L4 701 [ (e +G4 (O +6)7)] 26 35
H G % - N * HG
row 2 of H row2ofH
column 1 of G column 2 of G
b. The product GH has dimensions of 2 x 2.
row ! of G row | of G
column 1 of H column 2 of H
[6 0] [2 -5] % [(6)(2) +(0)(1) (6)(=3) + (0)(5)] N [12 —18]
4 7111 5} L@@+ @) BOE3)+G)] s 23
G H s . o GH
row 2 of G row 2 of G
column 1 of H column 2 of H

In Example 1, notice that although both HG and GH exist, the products are
not equal; that is, HG # GH. Thus, matrix multiplication is nor commutative.

2 =3 5 0
TRY THIS let R=| 0 5]and Wzl’ J
2 0 4 7

a. Find RW, if it exists. b. Find WR, if it exists.

CRITICALTHINKING  Find any matrices A and B such that AB = A + B. What can you say about the
dimensions of any matrices A and B for which AB= A + Bis true?

226 CHAPTER &



EXAMPLE O Karl and Kayla are making two snack mixes by mixing dried fruit and nuts,
The amounts of protein, carbohydrates, and fat, in grams per serving, for the

dried fruit and nuts are given in Table 1. The number of servings of dried fruit
APPLICATION p -
and nuts in each mix is given in Table 2.

NUTRITION
Table 1 Table 2
Dried fruit | Nuts Sports | Camp
Protein 3 20 mix | mix
Carbohydrates 65 21 Dried fruit 4 3
Fat 1 52 Nuts 2 3

a. Represent the information from Table | in a matrix called N. Represent
the information from Table 2 in a matrix called G.

b. Find the product NG, and determine which mix has more protein and
which mix has less fat.

@ soLuTion

Notice that three distinct categories are represented: nutrients, ingredients, and
type of mix. The categories that correspond to the inner dimensions of the
matrices must be the same. The categories that correspond to the outer
dimensions are different from one another and will become the labels of the
product matrix.

a. Dried Sport Camp
fruit  Nuts mix — mix
Protein | 3 20 R i
Carbohydrates | 65 21| =1 e gu :t [; :] =iy
Fat| 1 52 uis L ¥
3 2 4 3 [ 3(4) +20(2) 3(3) + 20(3)
b. NG=|65 21 [2 ,;]: 65(4) +21(2) 65(3) +21(3)
1 52 2 | 1{4) +52(2) 1(3) 4+ 52(3)
Sport Camp
52 69| Protein
=| 302 258 | Carbohydrates
108 159 | Fat

The camp mix has more protein, 69 grams. The sport mix has less fat, 108 grams.

ﬂ;@fi‘; 'i','e}
Exploring Rotations in the Plane

You will need: no special tools
You are given AKLM with vertices K(0, 0), L{4, 0}, and M(4, 3).

_ [0=1) o | e @l
LetA-[l O]andB—[_] 0].

1. Sketch AKLM on graph paper. Then represent AKLM as matrix C.

2. Find AC. Graph the triangle represented by AC, AK'L'M’, on the
coordinate plane with AKLM. How are AKLM and AK'L'M' related?
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3. Find BC. Graph triangle AK"L"M", represented by BC, on the
coordinate plane with AKLM. How are AKLM and AK"L"M" related?

CHECKPOINT ¢/ 4. Make and verify a conjecture about the effect of matrix Aona
geometric figure in the coordinate plane.

CHECKPOINT ¢/ 5. Make and verify a conjecture about the effect of matrix Bon a
geometric figure in the coordinate plane.

A network is a finite set of connected points. Each point is called a vertex
 NETWORKS (plural, vertices). A directed network is a network in which permissible

directions of travel between the vertices are indicated,

You can represent a network in an adjacency matrix, which indicates how
many one-stage {direct) paths are possible from one vertex to another. A
directed network and corresponding adjacency matrix are shown below.

Directed network Adjacency matrix
7 To:
& -K K
J|10 1 0
S From: K |0 0 2]|=A
I 7 ) ) e A |

With the points traveled from naming the rows and the points traveled to
naming the columns, the matrix shows that there is no path from J to itself
(an), but there is a path from L to itself (as3). There are two paths from K
to L {a:).

Computer network
connections

If A is the adjacency matrix of a network, then the product A x A = A? gives
the number of two-stage paths from one vertex to another vertex by means of
one intermediate vertex, such as from L to K by means of J.

a. Find the matrix that gives the number of two-stage paths.

EXAMPLE ? Refer to the directed network and adjacency matrix A above.
b. Interpret as; in matrix A% List the corresponding paths.

WAWA  TECHNOLOGY
GRAPHICS @ soLuTion
i, CALCULATOR a. The matrix product A” gives the number of
two-stage paths. Find A%or A x A.
b. The entry in row 3 column 2 is 3.
To:
J K L

J[o o 2
From: K |2 4 2([=4°
L@ s

This number 3 represents the number of two-stage paths from L to K.
From the directed network above you can see that these paths are as
follows:

Keystroke Guide, page 268

L — L— K (using one path to K)
L — L — K (using another path to K)
L—>J— K

228 CHAPTER &



Exercises

@ communicate

1. What is necessary in order for two matrices to be multiplied?

2. Explain the steps you would use to multiply [: —;] and [_; :: ‘:]

3. Explain how to represent a directed network with an adjacency matrix.

Activities
Online

Go To: gohrw. =
e @ Guided SBkills Practice mu———
MB1 Breakfast )
—4
4. letA=[-1 3 5land B=| 2|. (EXAMPLE 1)
-5
a. Find AB, if it exists. b. Find BA, if it exists.

5. NUTRITION Refer to Example 2 on page 227, Add a third kind of snack
mix called trail mix, to matrix G. Let the trail mix contain 2 servings of
dried fruit and 4 servings of nuts. (EXAMPLE 2)

a. What will be the entries in the new version of matrix G?

b. Find the new product NG.

¢. Which of the three mixes has the greatest amount of protein? Which
has the greatest amount of carbohydrates?

6. NETWORKS Represent the directed network at right in an o
adjacency matrix, M. (EXAMPLE 3)
a. Find the matrix that gives the number of two-stage Y
paths,
b. Interpret m; in the resulting matrix, and list the
corresponding paths.

@ Practice and Apply

B internet connect ¥ 7

Homework Find each product, if it exists,

Help Online 2 8 1
oy oo 7o)l -3 4 8.12 5 0)fo 4
MB1 Homework Help 6 2 5

for Exercises 7-20

5 3[4 2 - F1 ss =2
9‘[0 l][O ] 3] Wil 0][—4 6]
3 91[7 o R

"'[2 —-l][l 5] 212 v - 1]

I 1 1 -1 1 =02 04
14.| 2 1 1] -1 0.8 —-0.6
1 =2 3||l-1 06 -02
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e - 2 08
LetA= 1 3 -6 9| 8=| 8.andc=[_2 1].Findeach

1
-5 7 21 9 s
product, if it exists.
15. BC 16. CB 17. BA
18. CA 19. A(BC) 20. (AB)C

-2 3 X
21. TRANSFORMATIONS Matnxlé 0 _:)J represents /A ABC graphed at left.

a. Find the coordinates of the vertices of the image, AA'B'C, after
1

5 0
o multiplying the matrix above by the transformation matrix b |
4
03

b. Sketch the image, AA"B'C’, on the same plane as the pre-image,

AABC.

c. Compare this transformation with the transformation resulting in an

enlarged image or reduced image, which you learned in Lesson 4.1.

COORDINATE GEOMETRY For Exercises 22 and 23, |em=[‘; ‘1’] wnd

¥ 10 - -3 3 3 -2 .
B =[0 _1]-M3tﬂx 0=[ 3 2 -2 _1] represents the vertices of

31
F\TK quadrilateral JKLM at left.
I 1 . 22. a. Find the product AQ.
17
[ )

b. Graph J'K'L'M’, the quadrilateral represented by AQ, on a coordinate
plane with JKLM.

c. Make and verify a conjecture about the effect of matrix Aona
geometric figure in the plane. (Hint: Describe the movement of the
vertices from JKLM to J'’K'L'M'".)

23. a. Find the product BQ.
b. Graph J"K"L"M", the quadrilateral represented by BQ.
c. Make and verify a conjecture about the effect of matrix Bon a
geometric figure in the coordinate plane.

24. NUTRITION Jackson High School serves breakfast and lunch, each in two
shifts. The cafeteria manager needs to estimate the number of meals
needed during the first week of school. Table 1 gives the percentage of
students who prefer meals with meat and of those who prefer meals with
no meat at the first and second shifts. Table 2 shows the average number of
students who come to first and second shifts of breakfast and of lunch.

Table 1 Table 2
Istshift | 2nd shift Breakfast | Lunch
With meat 55% 62% 1st shift 72 102
Without meat 45% 38% 2nd shift 85 130

a. Put the information from the tables into matrices.
b. Use matrix multiplication to find how many meals without meat are
needed for breakfast and for lunch.
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25. SPORTS A high-school football team has played four games this season.
Matrix S shows the number of touchdowns, extra points, and field goals
scored in each game, Use matrix S and the point-values matrix, P, to
answer parts a—.

Extra Field Point
Touchdowns points  goals values
2 2
] | B .l Touchdowns | 6
Game2 | 4 4 3 < A
=S Extrapoints [ | | =P
S ) A 1 3 Field goals | 3
Game4 | 5 4 2 ¥ g

a. Find the product SP. What is the total number of points scored in
game 37 in all four games?

b. Find the difference between the number of points scored in games
2 and 3. In which of these two games were the most points scored?

c. Suppose that matrix S included the information for all nine games of
the season. How many rows and columns would the new product
SP have?

26. NUTRITION A veterinarian has created formulas for producing her own
mixtures of pet food. Using these formulas, she produces 3 mixtures from
the 3 varieties of brand A food (regular, lite, and growth). She does the
same for brand B. These mixtures are numbered 1, 2, and 3.

* The amounts of protein, fiber, and fat (in percent per serving) are given
in matrix G for brand A and in matrix H for brand B.

* The three formulas that she is using, with the ingredients given in parts
per serving, are stated in matrix J.

Brand A Brand B Formulas for
Regular Lite Growth Regular Lite Growth mixtures
Protein | 22 14 26 Protein [ 26 22 17 123
Fiber| 3 15 31=G Fiber| 5 5 4 |=H Regular | 1 2 1
Fat| 13 4 17 Fat| 15 12 28 Lite| 2 1 1|=J
Growth |1 | 2

a. Which two matrices must be multiplied to determine the nutritional
content of mixtures 1, 2, and 3 from brand A? Find the product.

b. Which two matrices would be multiplied to
determine the nutritional content of mixtures
1, 2, and 3 from brand B? Find the product.

c. The veterinarian wants
mixture 3 to have the
highest percentage of
protein and fiber per
serving. Should she use
brand A or brand B for
the mixture?

d. The veterinarian wants
mixture 1 to have the
lowest percentage of fat
per serving. Determine
whether brand A or brand
B should be used in this
mixture.
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27. INVENTORY A car rental agency has offices in New York and Los Angeles.

232 CHAPTER &

Each month, 1 of the cars in New York go to Los Angeles and —'3- of the cars
in Los Angeles go to New York. If the company starts with 1000 cars at
each office, how many cars are at each office n months later?

w«
-
é.
-~
-3
e

NY LA
NY LA NY ; 1
Number of cars [1000 1000] = N Origin:LA i ; =P
3 3
I e
&) New York

Los Angeles

a. The product NP represents the number of cars in each location after
one month. Find NP. How many rental cars are in each location after
1 month?

b. Multiply matrix NP by P to find the number of cars in each location
after 2 months. (Hint: Round up the entry in column one, and round
down the entry in column two of the product.)

c. Continue to multiply each new product matrix by P until the product
(with entries rounded to the nearest whole number) no longer changes.
What is the final distribution of cars? How many months have passed?

NETWORKS For Exercises 28 and 29, refer to the directed network at left.

28. a. Create an adjacency matrix that represents the number of one-stage
paths between the vertices.
b. How many one-stage paths does this directed network contain?
c. List the one-stage paths.

29. a. Create an adjacency matrix for the two-stage paths between the
vertices.
b. How many two-stage paths does this directed network contain?
c. List the two-stage paths.

30. SPORTS Suppose that a football team scores 5 touchdowns, 4 extra points,
and 2 field goals in one game. A touchdown is worth 6 points, an extra
point is | point, and a field goal is 3 points.

a. Construct a matrix, S, to represent the team’s scoring events and a
matrix, £, to represent the point values for each scoring event.

b. Multiply the two matrices to determine the team’s total score for the
game.



& Look Back

Find the slope and the y-intercept for each line. (LEsson 1.2)

31 4(2x—7) =6 3z.y=—z(;x+s) 33.6-2(y+9) = 12x
Which of the following are true for all nonzero real numbers a and b?
(LESSON 2.1)

3d.a+b=b=a 35.a+b=b+a

36.a-b=b-a 372a-b=b-a

Let fix) =2x+ 3 and g(x) =5x- 2. (LESSON 2.4)
38. Find fo g. 39. Find g« f.
40.Is fo gequal to go f? a1. Find (f° g)(6).
42. RENTALS An apartment building contains 200 apartments. Some
apartments have only one bedroom and rent for $435 per month. The rest
have two bedrooms and rent for $575 per month. When all the units are

rented, the total monthly income is $97,500. How many one- and two-
bedroom apartments are there? (LESSON 3.2)

Portfolio
Extension

et v & Look Beyond
MB1 Matrix Multiply )
atrix Multip j 43. Write the system of two equations [—3 4] [ x] o [ 3]

represented by this matrix equation. -6 8Ly 6
tOLIo

OQ:‘
a NETWORKS Refer to the adjacency matrix N below, taken from the Portfolio

Activity on page 224.

Matrix powers can be used to give the To

number of n-stage paths from one M HDT G

vertex to another. Matrix powers can MO 1 0 00
& also be used to locate circuits, which HI1 01 00

are paths that start and end at the From: D0 1 0 1 1|=N
T same vertex. ro o 1 0 1

) ) Glo o1 10
5 Matrix N* gives the number of three-

stage paths from one vertex to another.

M H 1. Find N*. Interpret ns in matrix N*, List the corresponding paths.

2. Interpret n4: in matrix N°. List the corresponding paths.

3. Find the sums of the rows of N*. Use the sums to determine which
exhibits have the greatest number of three-stage paths to themselves or
other exhibits.

4. Find N'. Interpret ;3 in matrix N,

5. Find the number of four-stage paths from vertex D to itself, List the
corresponding paths.

WORKING ON THE CHAPTER PROJECT

You should now be able to complete the Chapter Project.
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The Inverse of a Matrix

Objectives

® Find and use the
inverse of a matrix,
if it exists.

@ Find and use the

determinant of a Just as inverse operations V- .

matrix. can be used 1o solve equations, During World War II, Navaho code talkers,
inverse matrices can be used to 29 members of the Navaho Nation, developed
decode messages. a code that was used by the United States

Armed Forces.

— The table at right is an assignment tabl > = :
AL ARLY, 1'ur('1 code Eafh lcl\lcr ol'\t\ligc 'll]:h lb[ali: B0 | | S ST
CRYPTOGRAPHY Ky % - 3 z | v
assigned a number. For example, the letter A Al|H8 [O15|V22
is assigned the number 1 and Z is assigned B2(129 Pl6| W23

\ s 76 > ¢ ‘hic A o
the number 26. The ddsht\'\hlkh represents C3|710]| Q17| X 24
the space between words in a message, is

] S : ) z B
assigned the number 0. The question mark is D4[KNN|RIBIY2S5
assigned the number 27. For example, the E5|L12|S19|Z2
phrase HELP ME would be encoded as Fe|Mi3|T2/l2 27

8151121161011315.

A matrix can be used to encode a message and another matrix, its inverse, is

used to decode the message once it is received. You will use a matrix (o decode a

message in Example 3

A square matrix is a matrix that has the same number of columns and rows.
The following matrices are examples of square matrices:

2 -3 -1 5 3 -2 -8 4 1l
1 4 4 -8 1 I -4 3 -5
S 37 0 3 52 6
& 2% 3% 3 7 1 8 3
4x4
The identity matrix for multiplication for all 2 x 2 square matrices is LI) (IJ
An identity matrix, called I, has ls on its main diagonal and Os elsewhere.
I 0 1 0 0 1 0 0 0O
Lx:= Ll | Lx3=|0 1 0 Lixa=|0 1. 0 O
3 0 01 0 0 e O
0 0 0 1
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The Identity Matrix for Multiplication

Let A be a square matrix with 1 rows and n columns, Let I be a matrix
with the same dimensions and with 1s on the main diagonal and 0s
elsewhere. Then Al=JA = A.

The product of a real number and 1 is the same number. The product of a
square matrix, A, and [ is the same matrix, A.

ls IJ ll 0J_[3(l)+l(0) 3(0)+1(1)J_l3 lJ
2 1o L2 +10) 20 +1(1] 12 1
A x T = A

CHECKPOINT o/ What is the product of [‘:_ ‘I;] and [(I) (I)] ?

The product of a real number and its multiplicative inverse is 1. The product
of a square matrix and its inverse is the identity matrix L.

[3 l“l —1J_[3(|)+1(—2) 3(—|)+|(31J_[| OJ
2 1112 31T L2 +1(=2) 2= +1(3)] Lo 1

inverse
4 X of A = =k

The Inverse of a Matrix

Let A be a square matrix with 5 rows and n columns. If there is an nx n
matrix B such that AB = I and BA = I, then A and B are inverses of one

another. The inverse of matrix A is denoted by A~ (Note: Al :}‘

In general, to show that matrices are inverses of one another, you need to show
that the multiplication of the matrices is commutative and results in the
identity matrix.

2 3] sz [ 53
EXAMPLE ?mm[} S]andB-[_3 2].

Show that A and B are inverses of one another.

@ soLuTion
2 3|5 -3 5 =31[2 3
AB:[;% 5J l-;a z] BA:[—;% zJ [3 SJ

_[2(5)+3(—3) 2(—3>+3<2)] _[5(2)+(—3)(3) 5(3)+(-3)(5)]

“L3(3) +5(-3) 3(-3)+5(2) L -3(2)+2(3) -3(3)+2(5)

-5 1] -5 7]

Since both product matrices are the 2 x 2 identity matrix for multiplication,
Aand B are inverses of one another.
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You can use the equation AB = I to find the inverse of a matrix. For example,

let A= [ ; 523] and B= [‘: 3] Then write the equation AB = [, and proceed

as follows:
[I 2] [a b]_[l 0]
3 50lec dl Lo 1
a+2c b+2 1 0
[3a+5c 3b+5d =[o l]

Set the corresponding entries equal to each other, and solve the two resulting

systems.
{a+2c=l {b+2d=0
3a+5c=0 Ab+5d=1
a=-5and c=3 b=2and d=-1

Thus, the inverse of matrix A does exist. B= A™' = l': _fJ

1

GRAPHICS 3
CALCULATOR|  oraphics calculators. Enter the matrix, and use

& the _= | key. The display at right shows
Keystroke Guide, page 269 matrices A and A™', the inverse of A.

B TECHNOLOGY

You can find the inverse of A = l iJ on most

Finding the inverse of a 3 x 3 matrix or veritying that there is one is a very
lengthy process. For matrices larger than 2 x 2, you will find that a graphics
calculator especially useful.

EXAMPLE Use a graphics calculator to find the inverse of each matrix.

2 -1 1
a.A=|f 3] b.B=|-1 3 4 c.C=[2 l]
R 2 10 =
@ SOLUTION

To find each inverse, enter the matrix and use the _** | key.

SAUR  TECHNOLOGY

——

C kng:stl’nsm mAT |
Keystroke Guide, page 269 :

u
2iGoto

B = :?g gi :} ; Matrix C does not
T 0 1 have an inverse.

Matrix Cin Example 2 is called non-invertible because it does not have an
inverse. An invertible matrix does have an inverse.
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CRITICALTHINKING  If A" = [i ;], find A. Then find (A-')-". Explain how the three matrices

are related.

AP P LICATION Using the table at the beginning of the lesson, assign a number to each letter
s and space in a message. If the message has an uneven number of characters,

then add a zero to the end. Then choose an invertible matrix, A, that can

multiply B to encode the message. A™' can then be used to decode the message,

For example, the message GO BOB, represented by 7| 15|02 15 2, would
be translated into the 2 x 3 matrix B shown below:

7 15 0
B’lz 15 2J

You can use an invertible matrix, such as

wu
WAL TECHNDLOGY

A= [? Z] to encode the message by

multiplying A and B,

Keystroke Guide, page 269

During World War I1,

the Umited States used a
rotor machine called the
ECM Mark I, also known
as SIGABA, to encrypt
messages. The SIGABA was
so well designed that its
codes were never broken.

Example 3 shows how you can then use A™' to decode a message that was
encoded by A,

EXAMPLE ?Use/\" to decode the message 52| 165 | 10| 61 | 195 | 12 which was
6 5

encoded by matrix A = [7 6l

APPLICATION
CRYPTOGRAPHY @ soLuTion

PROBLEM soLviNG ~ Work backward. To decode the message, insert the code numbers intoa 2 x 3
matrix C. Multiply this matrix by A~

C=[52 165 10] : S

[ "z,

61 195 12
Enter the coding matrix A. Then find A™'C.

iz T2 15 0]

A= [z 15 2 |
The matrix product gives the decoded message
7|15]0] 2] 15] 2. These numbers translate to
the original message, GO BOB.

BAA  TECHNOLOGY

Keystroke Guide, page 269 |
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Each square matrix can be assigned a real number called the deterniinant of the
matrix. The determinant of a 2 x 2 matrix is defined below.

Determinant of a 2 x 2 Matrix

Let A= [a l;] The determinant of A, denoted by det(A) or
€ &

a bl’

¢ d
% a b

is defined as det(A) = Ic dl = ad - be.

Matrix A has an inverse if and only if det(A) # 0.

EXAMPLE ? Find the determinant, and tell whether each matrix has an inverse.

oull 1 e

L WETTITTICIT] @ SOLUTION

GRAPHICS 7 7) = (7)(7) = (8)(6 i H)=(1)(2) - (1)(2
Moo a del(()=(|/)(/] {8)(6) b. det( =:] M2) = (1)(2)
Since det(G) # 0, matrix G has Since det( H) = 0, matrix H has
an inverse. no inverse.

mytHis  Find the determinant, and tell whether each matrix has an inverse.

ws=[3 ] wr[3 2

Exploriung Codes

You will need: a graphics calculator
X 1. Create a 2 x 2 matrix that you would like to use to encode messages.
PROBLEM SOLVING 2. Guess and check. Use your calculator to verify that your matrix has an

inverse. If it does not, modify your matrix so that it does. (Hint: Create
your matrix so that its determinant does not equal 0.)

3. Write a brief message. Use the assignment table from page 234
to translate it into numbers.

4. Use your matrix to encode the message.
Write the coded message.

CHECKPOINT o/ 5. Use your inverse to decode your
message.
6. Explain why a matrix must be square
and invertible in order
to be an encoding matrix.
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